Chapter Three

Temperature, Albedos, and Flux Ratios

3.1 INTRODUCTION

When observing a distant exoplanet, the only quantity we can measure is the ra-
diation coming from the planet, in a form we have called flux. The temperature
of exoplanet atmospheres, in contrast, is the quantity that is actually relevant for
physics and chemistry of the exoplanet atmosphere. While only a single flux may
be measured, real planets rarely have a single temperature throughout. Which tem-
perature should represent the planet? Which temperature should represent the flux?
In this chapter we explore the relationships among the planet flux, temperature, and
albedo. We also derive planet-to-star flux ratios which are key for assessing what
kind and size of telescope and instrumentation are required to detect an exoplanet—
and whether or not an exoplanet 1s detectable by any means.

3.2 ENERGY BALANCE

The planet atmosphere temperature and albedo are related by the fundamental prin-
ciple of conservation of energy. For planetary atmospheres the conservation of en-
ergy is described as “energy balance.” The underlying concept is that no energy
is created or destroyed in a planetary atmosphere. All of the energy in the planet
atmosphere comes either from the parent star—in the form of absorbed incident
radiation—or from the planetary interior.

We can describe the energy balance by

E"‘ﬂllt(t:} — (1 — AB}Einc{t} =IF Einl{t}* (3.1)

Here E,;(t) is the energy per unit time leaving the planet, while E;,.(t) is the
stellar energy per unit time incident on the planet and Fj, (1) is the energy per unit
time transferred to the atmosphere from the planetary interior. The factor (1 — Ag)
1s the fraction of incident stellar energy absorbed to heat the atmosphere or surface
(and subsequently reemitted as radiation at longer wavelengths). The fraction of
incident stellar energy scattered back into space is the Bond albedo Ag.

The planet exists in an equilibrium with the incident stellar radiation where the
heating with time is constant. (Planets in eccentric orbits will not have constant
heating with time.) For the rest of this chapter we adopt this energy balance by
dropping the time dependence of the planet flux and related quantities. We note
that energy per unit time is technically called power.
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Figure 3.1 Schematic illustration for planetary energy balance. Stellar radiation falls onto
the planet in an amount related to the planet’s cross-sectional area of :'.*Rf,. A
fraction (1— Ag ) of this radiation is absorbed by the planet. In this illustration the

absorbed stellar radiation is advected around the planet and uniformly reemitted
into 4.

We can describe the energy balance in equation [3.1] using the planetary lumi-
nosity L, = E,, for outgoing energy and describing the incident stellar energy in
terms of stellar flux and planet semimajor axis (see equations [2.23] and [2.29]),

N
& ) ?‘-Rf] + Lp.inb (32]

41TR5F5_I, = I::l = AB}F5_¢ (

On the right-hand side of equation [3.2] we see the two terms that describe the
energy sources for the planetary atmosphere: the absorbed (and reradiated) stellar
energy and the planet’s own interior energy or luminosity L, ju¢. The first term on
the right-hand side is the energy absorbed by the planet (see Figure 3.1). It con-
sists of the incident energy on the planet from the star, derived in equation [2.29],
multiplied by the fraction of energy absorbed. This factor is (1 — Ag), where Ag
is the Bond albedo. We assume that this absorbed energy is eventually reradiated
to space as long-wavelength radiation. Regarding the planet’s interior luminosity
Ly, ine (1.., the interior energy), we recall the definition of luminosity: the flux pass-
ing through a surface encompassing the planet. The planet’s internal luminosity has
several different sources.

For giant planets such as Jupiter which are composed predominantly of hydrogen
and helium, L, ;; is the gradual loss of residual gravitational potential energy from
the planet’s formation. Indeed, Jupiter has an internal luminosity over twice as high
as 1ts luminosity from reradiated absorbed stellar energy. This 1s an indication of
how long it takes for energy to travel from a giant planet interior out to space.



TEMPERATURE, ALBEDOS, AND FLUX RATIOS 27

Earth’s L, i, arises partly from residual gravitational potential energy but mostly
from decay of radioactive isotopes (of uranium, thorium, and potassium). For many
planets, including the hot Jupiter exoplanets in very short-period orbits (less than
four days) and terrestrial planets with typically limited amounts of interior energy,
the luminosity from external heating overwhelms the interior luminosity by many
orders of magntiude. We therefore write the energy balance equation

2
ATR2Fs,, = (1 — Ap)Fs,. (R—) mRe: (3.3)

(L

3.3 PLANETARY TEMPERATURES

There 1s no single temperature to describe the planet atmosphere. The temperature
of a planet varies with altitude, with horizontal location around the planet, and
possibly in time from day to night or from season to season. Which temperature
should we use to describe the planet? Temperature is an important planet parameter
since it governs to first order the chemical equilibrium state of the planet and hence
the emergent spectrum. Here we describe three commonly used temperatures: the
effective temperature, the equilibrium temperature, and the brightness temperature,
and how they relate to the planet flux.

3.3.1 The Effective Temperature T,

The effective temperature Tog 1s used as a proxy for the global temperature of a
planet atmosphere. T, is defined as the temperature of a black body of the same
shape and at the same distance as the planet and with the same total flux as the
planet. (Recall that here total flux refers to the flux integrated over all wavelengths
or frequencies.) T, is in principle a measured quantity, taking the total flux of a
planet, converting it to surface flux (i.e., flux radiated at the planet), and finding the
temperature of a black body with the same total flux. Based on this definition, we
can derive an equation for T.g by: using the definition of black body flux (equa-
tion [2.37]); integrating the black body flux over all frequencies; and assuming the
surface flux to be uniform across the object’s surface

Frl:; = [ FS{L-’}dU — ?T/ B{T L-"]I('.LIL-" — JHJI:le* (34]
0 0
Here o is known as the Stefan-Boltzmann constant,
o h (k\*
= —r — -y 31
R T (h) (2

which has a value 5.670 x 107% J K% m~2 s~ !, Fg is the planetary surface flux
(i.e., radiated at the planet surface) in units of J m~—2 s~ !, as derived in Chapter 2.
This relation 1s the Stefan-Boltzmann Law:

Fs = orTig. (3.6)
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Figure 3.2 Illustration of the effective temperature definition. The theoretical surface flux
of a T.g = 6130 K GOIV star is shown [1]. A black body with the same 6130 K
effective temperature is shown by the dashed curve. The total stellar flux (inte-
grated over all wavelengths) is equivalent to the total black body flux.

Figures 3.2 and 3.3 show the T.g definition applied to two different stars. The
first HD 149026 has a stellar flux similar to a black body, but the second, GJ 436,
has a flux that departs significantly from a black body flux.

The effective temperature 7.g describes the global planet temperature at the al-
titude where the bulk of the radiation leaves the planet or star. This altitude is
sometimes called the planet photosphere or surface, whether or not the altitude 1s
at the planet surface. 7. may be quite different from the surface temperature, as
is the case for Venus. Venus's T.g 1s ~230 K, a value that comes from the cloud
tops which obscure the planet’s solid surface. Due to a strong greenhouse effect,
Venus’s surface temperature, at 730 K, is almost 500 K hotter than its T.g.

T.qr varies widely for planets. The coldest planets in our own solar system,
Uranus and Neptune, have Tog = 59 K. Jupiter has T.g = 124 K, while Earth has
Tog ~ 205 K. If we could measure 7.5 for exoplanets, we would expect the hottest
hot Jupiters to have T.g > 2000 K.
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Figure 3.2 Illustration of the effective temperature definition. The theoretical surface fl X 4 : ; Al |
Ui 3.3 Tllustration of the effective temperature definition. The theoretical surface flux of

of a Tog = 6130 K GOIV star is shown [1]. A black body with the same 6130 I
effective temperature is shown by the dashed curve. The total stellar flux (int¢
grated over all wavelengths) is equivalent to the total black body flux. A

a Ty = 3600 K M2.5V star is shown [1]. A black body with the same 3600 K
cffective temperature is shown by the dashed curve. The total black body and
stellar flux are eq?ivﬂent. This star’s flux departs from a black body flux; the
deep absorption features are due mainly to TiO at visible wavelengths and to
H,O at near-infrared wavelengths.

_‘ A4} The Equilibrium Temperature Tt

Figures 3.2 and 3.3 show the Teq definition applied to two different stars. Th v 1, Inan estimate of the effective temperature for a planet with no internal lumi-
first HD 149026 has a stellar flux similar to a black body, but the second, GJ 43 Wty I, is a theoretical number and does not refer to any flux measurements of
has a flux that departs significantly from a black body flux. | e planet. Physically, Tt is the effective temperature attained by an isothermal

The effective temperature To describes the global planet temperature at the a plmwl ilter it has reached complete equilibrium with the radiation from its parent

Wi 1, 1s essential to describe exoplanets, for which it is difficult or impossible to
sieannre the effective temperatures.

/., van be derived by using the energy balance equation [3.3], that is, by equat-
Wi the energy emitted by the planet with the energy absorbed by the planet,

titude where the bulk of the radiation leaves the planet or star. This altitude
sometimes called the planet photosphere or surface, whether or not the altitude it
at the planet surface. Teq may be quite different from the surface temperature, &
is the case for Venus. Venus’s Tog is ~230 K, a value that comes from the clo 'f‘i
tops which obscure the planet’s solid surface. Due to a strong greenhouse effect

X 2
Venus’s surface temperature, at 730 K, is almost 500 K hotter than its Teog . 4_” RAE el AR, & 2
Ty varies widely for planets. The coldest planets in our own solar system Tl ( B)Fs.r a T S
Uranus and Neptune, have Teg = 59 K. Jupiter has T.g = 124 K, while Earth ha B ; ! ,
T ~ 255 K. If we could measure Tug for exoplanets, we would expect the hotte 44 Hie left-hand side we have mtroduc'ed a parameter f, a correction factor to the
= Wi A, We use f to enable us to describe the 7t from only one hemisphere of the

hot Jupiters to have Tog > 2000 K. : ; ; i
P off planet; we shall discuss its meaning and a choice of values later in this subsection.




To derive 75, from energy balance we rewrite equation [3.7], using the Ste
Boltzmann Law (equation [3.6])

il

‘IRS o 0“,10“‘7

to find

B, 1/2
T, (7) [ = At (A,

Here we have substituted Teq for the planetary T,q. We have also absorbed a fact
of 1/4 into f' by defining f’ = f/4.

Remember that for exoplanets we can observe only one hemisphere at a (i
and this is what drives our need for the correction factor f. If the absorbed stell
radiation is uniformly redistributed around the planet, that is, into 47, then [
1/4. In this case Tq is the same for any hemispheric view of the planet—un
indeed the f’ correction is not really needed. f is especially relevant for cay
where the absorbed stellar radiation is not redistributed uniformly over the plang
For a slowly rotating or tidally locked planet, the stellar energy is absorbed onl
by one hemisphere of the planet. If the atmosphere instantaneously reradiates (l
absorbed radiation (with no advection), f/ = 2/3. In this case Ttq of the day-sid
hemisphere is much hotter than in the uniform reradiation case. |

Beyond the two end cases of uniform redistribution and instantaneous reradiatio
of absorbed stellar energy, there is no simple or analytical form for f'. If we wanl
to estimate the day-side hemispherical temperature, we must use observations o
rely on atmospheric circulation models.

We conclude our discussion of f’ with the cautionary remark that f has many
different definitions in the literature; we emphasize that our choice of f/ = f
a correction factor to 47 is deliberate, for symmetry with the albedo derivation for:
scattered light from the dayside of the planet (Section 34.3).

How well does the equilibrium temperature Teq approximate T.g for the solar
system planets? Using the planets’ measured Ags, known semimajor axes, and
f' = 1/4, we see from Table 3.1 that, with the exception of Urants, the two tem-
peratures agree to within a few degrees K. g‘:“ “‘m’/

{"A/aplun’(

3.3.3 The Brightness Temperature T3, ()

The flux of exoplanets at different wavelengths or frequencies is the quantity we can
2

measure at Earth. We have called this J,, where N — g;Fs for a very distant
D

planet with surface flux Fs. The intuitive familiarity we have with temperature
makes it easier to use brightness temperature instead of flux to describe exoplanet
atmosphere measurements. Moreover, temperatures are more directly relevant than
fluxes for the physics and chemistry of exoplanet atmospheres. Fluxes depend
on the planet’s distance from Earth and so change from one planet to the next,
whereas the temperature of a planet atmosphere is distance independent. Measured
exoplanet fluxes are therefore often stated as temperatures.

The brightness temperature 73, (v) is defined as the temperature of a black body

f

of the same shape and at the same distance as the planet and with the same flux as

|
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[llustration of the brightness temperature definition. The solid curve is Earth’s
surface flux as measured by the Mars Global Surveyor [?]. The dashec} curves
are black body fluxes with different temperatures, showing that the, brightness
{emperature T} can vary with wavelength or frequency. From Earth’s spectrum
we see that Ti, (12 pm) ~ 270 K, in contrast to 7} (14.2 pm) ~ 215 K.

Plgtie VA

(e planct in a specified frequency range. Ty(v) is a frequency-dependent expres-

s ol planetary flux,
>2

[1ere (he Stefan-Boltzmann Law (equation [3.6]) is used to convert flux to a ter}rllper-
ulire, We again note that the brightness temperature assumes the planez1 bel \;}\ﬁs
i 1 black body only in the frequency range where th.e flux is measured. f ile
i bluck body radiator has a constant Tj, (), plangts with spectra that depart Eom
i black body have T (v) that can vary widely with wavelength or frequency (see
| ”\‘)l\lllvL c3r;:3)l.1asize that 7}, (v) is the only temperature we can currently me;tsureffor
sxoplanets, because for T, () flux at only one frequency or Wavelengct1 T(o(r )rf(—)
(uency or wavelength range) need be observed. To get from a measure: i b(v

(li¢ more global T.g, we must resort to a model atmosphere computer code.

Deg

Ry

orTy(v) = Fs(v) = Fo ( @&10)
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Figure 3.4 Illustration of the brightness temperature definition. The solid curve is Earth’s
surface flux as measured by the Mars Global Surveyor [2]. The dashed curves
are black body fluxes with different temperatures, showing that the brightness

temperature T}, can vary with wavelength or frequency. From Earth’s spectrum
we see that T}, (12 pm) ~ 270 K, in contrast to 7},(14.2 pm) ~ 215 K.

the planet in a specified frequency range. Ti,(v) is a frequency-dependent expres-
sion of planetary flux,

D 2
orTH(v) = Fs(v) = Fo (R—E’) , (3.10)
p

Here the Stefan-Boltzmann Law (equation [3.6]) is used to convert flux to a temper-
ature. We again note that the brightness temperature assumes the planet behaves
as a black body only in the frequency range where the flux 1s measured. While
a black body radiator has a constant T3,(»), planets with spectra that depart from
a black body have Tj,(1/) that can vary widely with wavelength or frequency (see
Figure 3.4).

We emphasize that T},(1/) is the only temperature we can currently measure for
exoplanets, because for T},(17) flux at only one frequency or wavelength (or fre-
quency or wavelength range) need be observed. To get from a measured 7},(v) to
the more global 7.¢, we must resort to a model atmosphere computer code.
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Table 3.1 Temperatures and albedos of solar system planets.

Planet Tofr Teq Ag Ap

Mercury 0.106 0.119
Venus ~ 230 230 0.65 0.750
Earth ~ 255 253 0.367 0.306
Mars ~ 212 209 0.150 0.250

Jupiter 1244+ 0.3 109 0.52 (0.343
Saturn 95.0+ 0.4 a0 0.47 (0,342
Uranus 99.1 0.3 58 0.51 (0.300
Neptune 5H59.3+0.8 46 0.42 0.290

Ag(v) is at ~500 nm. Values from [3].

3.4 PLANETARY ALBEDOS

The planetary albedo is a measure of the reflectivity of the planet’s surface and/or
atmosphere. More specifically, the albedo is the ratio of the light scattered by a
planet to the light received by the planet. Just as for temperature, there 1s no single
albedo to describe the planet atmosphere or surface. Yet the albedo 1s an important
planet parameter since the planet reflectivity is indicative of cloud or surface con-
ditions. Moreover, the albedo controls the planet’s energy balance (equation [3.9])
and its effective temperature. Here we describe four commonly used albedos and
the relationship among them: the single-scattering albedo, the geometric albedo,
the Bond albedo, and the spherical albedo. We also describe the apparent albedo, a
very useful albedo quantity for exoplanets. What makes a planet bright or dark? A
planet with a high fractional coverage of very reflective clouds is bright, whereas
a planet with no clouds or no atmosphere is typically dark. Venus, for example,
1s the brightest known planet, scattering 0.75 of the incident energy. This is due
to its complete (1.e., 100%) coverage of H,S50, clouds. Earth has highly reflective
water liquid or ice clouds, but they cover only about 50% of the surface, and as a
consequence Earth scatters only (.3 of the incident energy. Icy bodies may also be
bright, with young ice being more reflective than old ice. Notably, Enceladus, a
Saturnian satellite, has water geysers which produce fresh ice, making the satellite
very bright. Mercury, in contrast, has no atmosphere, clouds, or ice and 1s dark,
scattering only (.1 of the incident radiation.

3.4.1 Single Scattering Albedo

The single scattering albedo w is the fraction of incident light that is scattered by
a given particle in the planetary atmosphere. As an example, the single scattering
albedo of a water ice crystal in Earth’s atmosphere can be as high as 0.8, while that
of a plant leaf at visible wavelengths is closer to 0.1. Single scattering albedos are
wavelength dependent. The single scattering albedos of Earth’s atmosphere and
surface vary widely. At the high end, old to fresh snow single scattering albedos
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Figure 3.5 Definition of phase angle «. The phase angle is the star-planet-observer angle.
Also shown 1s a, the planet’s semimajor axis.

range from ~0.45 to 0.85, and from about 0.35 to 0.8 for clouds. Less reflective,
desert sand has a single scattering albedo ranging from about 0.2 to 0.35. At the
low reflectivity range is water, whereby oceans have a single scattering albedo less
than 0.05.

The single scattering albedo is not a global albedo of the planet atmosphere or
surface. Nevertheless, the reflective properties of individual gas, cloud, and sur-
face particles ultimately cause the planet’s global albedo through complex multiple
scattering of incident radiation,

Important to the overall planet albedo is the directional scattering properties of
any individual particle. Few particles in nature, if any, scatter radiation isotropi-
cally. Some particles such as ice crystals can have a severe tendency to backscatter
incident radiation. This directional scattering property is called the “bidirectional
reflection distribution function,” often referred to as simply BRDF.

3.4.2 The Phase Angle

Before describing the planetary albedos we first define the planetary phase angle.
The phase angle « is the star-planet-observer angle (Figure 3.5). With this defini-
tion, & = 0° corresponds to full phase, o > 170° corresponds to a thin crescent
phase, and the planet is not at all illuminated at o« = 180°.

For solar system planets, only Mercury and Venus show all illumination phases
as seen from Earth. Outer giant planets show only a few to several degrees in phase
angle as seen from Earth. The full phase, or o« = 0, is a natural configuration for
observing solar system planets when the Sun, Earth, and planet are aligned.

For exoplanets, the range of visible planetary phases depends on the orbital in-
clination of the planet-star system. For example, a planet in a system with orbital
inclination of 90° will show all phases as seen from Earth (except phases right near
a = () when the planet is directly behind the star). In contrast, a planet with a
“face-on” orbital inclination will have a constant, “halt™ phase. In contrast to solar
system planets, not all exoplanets will be visible at & =~ (); because of the random-
ness of exoplanet orbital inclinations, e« = () may not occur for some planets. In
reality, &« = 0 does not occur for exoplanets because the planet would be directly
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behind its parent star and not even observable; however, we consider a small o
close enough to o« = 0 for our purposes.

3.4.3 The Geometric Albedo A, (v)
3.4.3.1 The Definition of Ay (v)

The geometric albedo A (v) is the ratio of a planet’s flux at zero phase angle (i.e.,
full phase) to the flux from a Lambert disk at the same distance and with the same
cross-sectional area as the planet (i.e., a surface that subtends the same solid angle).
This definition is historical and comes from early observations of solar system plan-
ets. To measure the solar system planets’ albedo, photographic brightnesses were
compared to a photograph of a uniformly illuminated Lambert disk. This relative
measurement helped to eliminate instrumental errors. We emphasize that A, (v) is
not the fraction of incident energy scattered at o« = () (see exercise 3.5).

We derive A, (v) by first considering the numerator in the A, (1) definition: the
flux from a planet at zero phase angle as observed at Earth. Choosing a spherical
polar coordinate system with latitude # and longitude ¢, and considering the flux at
Earth F, (Chapter 2) we obtain for the flux

/2

Falv) = ( ) [ IS ccat (0. @, 1) cOs ¢ cos® BdBdo. (3.11)
' Dg, —wf2JS = /2

We have used a subscript “scat™ on [ to indicate that we are considering only scat-

tered radiation (and not radiation that has been absorbed and thermally reradiated).

Recall that the subscript S on [ indicates flux at the planet’s surface.

Next in the geometric albedo derivation we consider the denominator in the
Ay (v) definition: the flux from a Lambert disk at the same location and of the
same cross-sectional area as the planet. We use the equation for flux observed at
Earth (J, equation [3.11]) with the surface element of a disk, r2df. In writing the
flux from a Lambert disk, we also relate the emergent intensity to the incoming in-
tensity by Is ocat (0, ) = Line(#. 7). This relationship comes from the definition of
a Lambert surface, in short that intensity 1s scattered isotropically (Section 2.9). We
further assume that the incident intensity is uniform, that is, [;,,.(0.v) = Line(v).
We then have

R 2 pm R 2
FL di:ik{”] = (B_I‘-*) [ Iim:{y]{‘m = (D_P) ?TILMU[L"]' (3.12)
& J 10 &

Now using the definition of A, phase
angle zero to the flux from a Lambert disk, that is, the ratio of equations [3.11] and

[3.12]—we find

ST [T, Is seat (8, 6, ) cos & cos? 0dBdg

Ag{‘u) - T Line(V)

(3.13)

We notice something interesting about this expression for A, (»): the denominator
can be written as mli,.(v) = Finc(), the incident flux from the star at the planet’s
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substellar point. So we may also describe A, () by the ratio of the planet’s scat-
tered flux to the ratio of the incident stellar flux at the substellar point.

We pause here to further point out that equation [3.13] is the form to use to
compute A, (r) from an exoplanet model atmosphere code output. The model at-
mosphere code will generate the scattered intensity at the planetary surface as a
function of location on the planet surface (here denoted by # and ¢).

We now continue to simplify equation [3.13] for a more conceptual understand-
ing. We can rewrite the geometric albedo considering the relationship between the
incoming intensity (/;,,.) and the intensity scattered out by the planet (/s ..t ). We
do this by introducing the dimensionless term p(©): the fraction of incident inten-
sity scattered out of the planet into angle ©. Here © = 0 is defined in the direction
of the incident intensity (see Figure 5.1). In this description, all of the physics of
directional scattering and multiple scattering inside the planet atmosphere is buried
in the final form of p(©),

IE.E-EEI.t{H'I “.7'51;"'] = Iinc{alrr‘?ﬁjv”]p{ﬁ]' (3]4]

The terms with primes refer to the direction of incidence and the terms without
primes refer to the direction after scattering. We digress to mention that p(©) here
is not the same as the dimensionless single scattering phase function P(©) used in
later chapters.

We can further simplify the above intensity relationship by assuming that the
incident stellar intensity is uniform and noting that the incident stellar intensity is
diluted away from the substellar point as

e (0,6’ ,v) = - klinc (65, 95, v) = cos Ofjnc(v). (3.15)

See Figure 2.3 to see that i - k = cos ©. From Figure 2.3 and exercise 2.4, we also
have

cos© = cosf cos o, (3.16)
and therefore
IS scat (0, &, v) = cos 8’ cos &' Line (V)p(8, 0,8, &"). (3.17)
The A, from equation [3.13] then becomes

—ﬂﬁz Jrﬂ-luz Line U};U' "9 , @, HI I }('-'DHE ":,Ehf CGSE ﬁ’dﬂ’dﬁﬁ’

w/
: 3.
Ag[y] ?]'—Iil']l'-.f{.,'f) [ 18}
We may cancel out the [;,,c(#) in the numerator and denominator to find
x/2
A (V) = / f p(0, 0.0, ¢") cos® ¢ cos® 8'd8'do’. (3.19)
/2 J =72

3.4.3.2 The Ag for a Lambert Sphere

As an example of geometric albedo we will calculate the A,(r) for a Lambert
sphere. Recall that a Lambert surface scatters intensity equally in all directions. A
Lambert sphere therefore has

p(©) = 1. (3.20)
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Using the A, definition in equation [3.19],

w/2

(3.21)

1
AgLambert (V) = ;/

/2 9
/ cos® ¢ cos® 0dfdep = =
—m/2J—7/2 3

The geometric albedo for a Lambert sphere is Ag(v) = 2/3 < 1,even though (he
definition of a Lambert sphere is that all incident radiation is scattered and none I
absorbed. This means that for a Lambert sphere one-third of the incident radiation
is scattered out of the line of sight. ;

By way of the A (1) definition, the geometric albedo may be greater than 1. Thiy
is because the geometric albedo is not the fraction of incident radiation scattered
at « = 0, but the scattered incident radiation compared to the scattered inciden(
radiation from a perfectly diffusing disk at the same location and of the same size,
Saturn’s icy moon Enceldaus has Ag; = 1.38 at visible wavelengths [4]. Ice can
have a strong backscattering effect, making the scattered radiation greater than the
scattered radiation from a diffusing disk. ’

Measurements of A, have been elusive for exoplanets. Nevertheless, A, is still
useful for classifying theoretical models.

3.4.4 The Bond Albedo Ag and the Spherical Albedo Ag

A is the fraction of incident stellar energy scattered back into space by the planet,
Ag includes the radiation scattered into all directions and radiation at all frequen-
cies. By its definition, Ag < 1.

The spherical albedo Ag(v) has the same definition as the Bond albedo but at &
specific frequency,

Api— / Ag (V)dl/.
0

We emphasize up front that the Bond albedo, through the definition of the spherical
albedo below, is actually weighted by the incident radiation. Both the Bond and
spherical albedos therefore depend on the spectrum of the planet’s host star. ’

To derive A;(1) we begin by revisiting the numerator in Ag(v) (equation [3.13]),
the scattered radiation from the planet at o = 0. Recall that the Ag(v) numerator is
an expression for flux (equation [3.11]). The important point to keep in mind is that
at each phase angle « only a portion of the hemisphere facing Earth is illuminated.
This is illustrated in Figure 3.6. Using Figure 3.6 we construct a more general form
of the light scattered from the planet surface,

FS’Q(V) =

3228

/2 /2
/ / Tine(t, ¢/, 1)p(8, 6,0', 8') cos(cx — ¢') cos ¢ cos® 0'dp'dp'
a—n/2J—m/2
(323)

and we make the assumption that the incident intensity is uniform to write

Fs,0(V) = Linc (v)Uu (v). (3.24)
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Equator

n/2-a Substellar

Point

Subplanetary
Point

Direction
Direction of the Star

of Earth

ipuie 1.6 Spherical planetary coordinates suitable for deriving the Lambert sphere phase

curve. 0 is the latitude measured from the intensity equator. ¢ is the longitude
measured from the sub-Earth point. « is the phase angle. After [5].

Here W, is the fraction of scattered radiation in the direction of the observer as a

tunction of . : iy ‘
1 nccount for the total scattered energy in all directions we must integrate

/' (1) over all directions. We want to know the total energy per un%t t}me per
l‘wﬁm-ncy scattered by the planet compared to the total energy per unit tlme‘ ﬁer
[iequency incident on the planet. We consider a sphere around the. planet with a
splierical polar coordinate system. We adopt the angles « as our altitude and 3 as
uil nzithmuthal angle. We further assume azimuthal symmetr}{. To ﬁqd the total
wittered energy in all directions, we integrate Fs (1) (defined in equation [3.24])
wver (0 < a < ) and (0 < 8 < 2r),

27 s
By ik () / / U, (v)R2 sin adod3. (325)
o Jo
il because of the azithmuthal symmetry,
Fesas(V)i= 27rR12DIinC(1/) / U, (v) sin ador. (3.26)
Jo

We now consider the total incident energy on the planet as related to equa-

ton [2.31],
Bina(v) = mRErLnd (). (327)
The spherical albedo is the ratio of scattered energy to incident energy
Eycas (V) i 2inc(V) [y Wa(v)sin ada , (328)

As(V) =

s Einc(V) 7"'Iinc(V)
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Ag(v) = E/ﬂ ¥, (V) sin ado. (3.29)

m

3.4.5 The Relationship between the Bond and Geometric Albedos

In order to measure the Bond or spherical albedo we would need to observe the
planet at all phase angles. All phase angles are not usually visible from Earth. In
order to estimate the spherical albedo, it is useful to relate the spherical albedo to
the geometric albedo. We have from the above equations [3.19] and [3.23]

U, _o(v) = Ai”), (3.30)
We may therefore redefine the spherical albedo As(v) in equation [3.29] as
mAg () 2 /‘T :
As(v) = —=— = [ ¥, (v)sin ada, (3.31)
s0) = g~ 055 | Pal)sinada,
which we can also summarize as
A(v) = Ag(v)q(v), (3.32)

where g(r) is the phase integral. The phase integral is formally defined as

{ ] . "43{!’;} 2 fﬂ !;'}:}{TJ}
V) = =

=40 7 "o Yamo@)
We can more conveniently write

g(v) = 2[ &, (v)sin ada.
0

sin aeder, (3.33)

(3.34)

&, (1) is the phase function: the fractional scattered flux variation with phase angle
normalized to the flux at o = 0,

v, (v)

D, (v) o)’ (3.35)

The spherical albedo can be estimated from equation [3.33] with both a measured
A, (v) and a theoretical calculation for g(v).

What is the relationship between the geometric and spherical albedos for a Lam-

bert sphere? For a Lambert surface, @, (v) = cos « and using equations [3.32] and

[3.33] we find

Ag(v) = %AH{:H}. (3.36)
For a Lambert sphere the geometric albedo is lower than the spherical albedo by a
factor of 2/3. We can understand this conceptually as follows. For a Lambert sphere
all radiation 1s scattered back to space and, since the spherical albedo includes
radiation into all angles A,(v) = Ag = 1. The geometric albedo, in contrast is the
albedo only at phase angle 0 and includes only the radiation backscattered to the
observer, so it is less than 1.

A comparison of Bond and total geometric albedos of Jupiter, Saturn, Uranus,
and Neptune i1s shown in Figure 3.7. Here we call “total geometric albedo™ the
geometric albedo integrated over all wavelengths. We can see that these bodies
with deep atmospheres all lie above the line for 1sotropic scattering (i.e., a Lambert

sphere).
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Figure 3.7 Relationship between the Bond albedo (Ag) and geometric albedo (Ag) for a
Lambert sphere and solar system giant planets. Here we use the “total” Agror
to refer to A, over all visible wavelengths. The points are for Uranus, Neptune,
Saturn, and Jupiter (in order of increasing Ag). The solid line ( A1 /A =0.67)
is for Lambertian isotropic reflectance (i.e., constant for all angles of incidence).
The dashed line is the line of equivalence where A,1.« = Ag (all gas giant
planets with deep atmospheres must lie to its right). The wedge between the
solid and dashed lines defines a useful limiting region; it bounds the photometric
properties of most spherical bodies with deep atmospheres (with, e.g., Rayleigh
scattering, clouds, dust, etc.). Figure adapted from [6]. Solar system data points
are referenced in [7].

3.4.6 The Apparent Albedo

The geometric, spherical, and Bond albedos are not very satisfactory for exoplanets
because none can be measured. The geometric albedo is defined at full phase (o =
(), a configuration where the planet is behind the star and not observable. The
spherical and Bond albedos are also not measurable because all phase angles are not
accessible for exoplanets. With the direct imaging technique, many phase angles
where the planet 1s projected too close to the star will not be observeable. Moreover,
unless the planet orbit is edge-on to our line of sight the planet will not go through
all phases as seen from Earth. We therefore turn to an albedo definition that 1s more
appropriate for exoplanets.





















