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llative Transfer |: Fundamentals
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THODUCTION

Gibbs Free Energy

ainler describes how radiation changes as it travels through a medium.
Lutiety of absorption and emission processes from atoms, molecules, and
I len contribute to the radiation that emerges at the top of the planetary at-
Although we can observe only the radiation emerging from the planet’s
i much information is contained in the emergent spectrum, including
A the ntmospheric temperature, pressure, and composition.

sulintive transfer equation describes the change in a beam of radiation as it
Lanie distance s through a volume of gas. The changes are due to losses
e r(x,v)I(x,9,v), where & is the extinction coefficient and I is the
\ unil additions to the beam &(x, #1, v/), where € is the emission coefficient.
uj the losses and gains, for an atmosphere that is not changing with time
1), the radiative transfer equation is

-200

/ i1 e
04—t o o L
500 1000 1500 2000

T(K)

Figure 4.17 Gibbs free energies of NH; and Ns.

dl(x,h,v)
ds

hipter we will omit the t-dependence of the intensity, flux, and other terms.
e lonn, we must still keep in mind that radiation involves energy flow: energy
Wi e,

ol of this chapter is to lay the foundation for the equation of radiative
. We first introduce several fundamental quantities and concepts needed
(i terize the radiation field. Next we decribe the full equation of radiative
i derive the plane-parallel approximation. We finish with an outline
{ormal solution to the radiative transfer equation. We leave details of the
Wi of the equation of radiative transfer until Chapter 6.

EXERCISES = —k(x,v)I(x,0,v) + e(x,0,v). (5.1

1. Derive the Gil?bs free energy equation (equation [4.1 1]) from the fin
thermodynamics (equation [4.3]) by filling in any missing steps.

2. Figure 4.17 shows the Gibbs free energy of the nitrogen compou )
and Ng. Can you use Figure 4.17 to determine which nitrogen molecul
dominate at a given temperature and pressure? Why or why not? ‘

3. Compute the escape velocity of the Earth, Venus, and Mars, in m/y |
eV. Based on their exobase temperatures compute the escape, energl
and O, as well as the Jeans escape parameter \.. Should H and O ther
escape on Earth, Venus, or Mars? "

4. Make a plot of relative stellar heating (in units of the solar luming ' Y

Earth, Lgy = L /4ma2) (y-axis) vs. escape velocity (z-axis) for all

system planets, Pluto, Europa, Titan, Triton, and the Moon. On the |

graph, plot all transiting exoplanets (take data from the Extrasolar Plang

C}{clopaedia at http://exoplanet.eu/catalog.php, but consider only exop

V\;lth measured masses and radii). Because star luminosity data are not

able, assume that /L~ = 22

i i /Lo = (M/Mgy)*”. Use a log-log plot. Commel

| Definition of Opacity -

{1t important physical quantity in the atmosphere that affects the transfer of
1allon |s the opacity. The opacity describes how opaque a substance is: how hard
Il radiation to pass through that substance. Opacity depends on the number
Uty of particles in the atmosphere, and the particles’ absorbing, scattering, and
Wil properties, which may in turn depend on temperature, pressure, and fre-
Wiy (i.c., wavelength). In order to describe radiative transfer we therefore must
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define coefficients for the absorption and emission of radiation, The wal
ity refers to absorption and scattering (i.e., extinction) coefficients of il
particles. We emphasize that the underlying physical processes of photon u
tion and emission, will, for now, be hidden in these macroscopic coelficie
microscopic details of the absorption and emission coefficients will be o
Chapter 8. i

Before we describe the opacity in more detail, we should keep in mind (I
different symbols for the opacity coefficients are used in other textbooks i
ous papers in the literature. ‘

1,P(®)

Figure 5.1 Definition of scattering angle used in P(©).

322 The Extinction Coefficient: Absorption and Scattering e eeall that B(x, v) is black body radiation, and x depends on temperature.

Juation for thermal radiation is valid in local thermodynamic e'qt.lilibriun'l,
uiher desceribed in Section 5.4. The thermal emission is isotropic ina static
0 because atoms and molecules have no preferred direction of radiation.
lmluuhm coefficient for pure scattering is

The monochromatic extinction coefficient K(x, v) describes the amount
removed from a beam of radiation from a volume 4V and a solid angle (S},
time per unit frequency, E

liE = w(x,v)I(x, A, y)dVdewE,

See Chapter 2 and Figure 2.1 for a description of the intensity 7. :

We use « (with units of m~1) to include all processes that remove enery
a beam of radiation. True absorption describes processes that destroy (he
This can happen, for example, when a photon is absorbed by a particle, ui
is converted to kinetic energy of the gas by a subsequent collision. We will {
the true absorption coefficient by a(x,v). Scattering describes photony (I
removed from the beam by a change of direction (and possibly a change of ¢
We denote the scattering coefficient by os(x, v), where we use the subsotl|
distinguish the scattering coefficient s inm~! from the cross section o in i
extinction coefficient is therefore comprised of '

1 A
Eyont (X, A2, I/) = OS(X? V)E /Q P(G)I(xla nl7 V)dQ" (5.6)

B0 e weattering angle, © = - €, where in general the terms with.pri.n.les
the direction of incidence and the terms without primes r'efer. to the élrectlon
Siallering (Higure 5.1 and see ahead to a related _discussmln in Se'ctlon 8.5).
~Ln 1) i the scattering coefficient, with dimensions m™*. In t.hlS book we
liler only coherent scattering, the case where the photon retains the same
¥ile, lrequency). . . -
e can be anisotropic and so we define P(©) as the d}meqsm’ﬂess s1‘ng1'e
up phinse function. The phase function denotes the red.lrect'lon in the inci-
Sty 1o the outgoing intensity and describes the 3D directional scattering
iy, The phase function is normalized to 1. (R should not be cqnfused
e dlumination phase function ® () used in Section ?.4.3 to descnpe op-
Wi We will describe the origin of the single scattering phase function in
i The phase function is normalized:

K(X, ) = a(x,v) + o(x, v).

Extinction is isotropic in a static medium because the absorbing or scatterl
ticle does not care which direction the photon is coming from. Hence 4 |
fi-dependence.

1 : i f 2 / P(©)d0 = 1. 57
5.2.3 The Emission Coefficient: Thermal Emission and Scattering I o

The monochromatic emission coefficient £(x, A1, v) describes the amoun( of
emitted into a volume dV within a solid angle dS2 per unit time, per unit frequ

|dE = e(x, 8, v)dV dQdtdy, |

Salieting s isotropic, P(©) = 1, and the emission coefficient for scattering
Wi [5.6]) reduces to

Sliat (% W)i=ay (X)) (5.8)

with dimensions J m—3 sr—! s—1 Hz -1, Planetary atmosphere emission ; i :
both thermal emission and scattering, because both processes can add (o the | B cuding our description of scattering we cn?pl?usqe two points. First, scat-
il . 0 bathon souree and asink for the beam of rmlml:_on in the |)l'unet' zltmosphgre.

Thermal emission can be described by the KizchhoffPlanck relation also ki B Alive, seattering is counted as emission, As a sink, scullcrlngl 4 couplcd At
as Kirchhoff’s Law of thermal radiation, or IKirehhol! s Law for short, ' B 80cond, acaitering:ds angle dependant,dn dontraat to the isotropic ther-
silandon. Hence the emission coefficient dependency on fi,

it /(% 17) is the mean intensity (equation [2.2]).

Ehorm (X 1) # “(N.")N(ﬂ,l’),
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5.2.4 Number Densities, Cross Sections or |
) ss Sections, and the Absorption Coeffiel i Opuneities

The absorption and scattering coefficients are the sum of the number denul
units of m~—?) of particles times their absorption or scattering cross seciie
units of m?). The number densities of different gas or solid species origly
elemental abundances in the planetary atmosphere and from atmospheric |
and escape (Chapter 4).

The number densities and absorption cross sections come into play vi
sorption coefficient

Weatments of radiative transfer we desire a mean opacity so that we may
Suations averaged over frequency (i.e., wavelength). At first thought, we
wider (he average or mean opacity taken literally as the average opacity
4 all frequencies. In practice such an opacity average would not be very
4 ainider the following: the flux of a planet approximated as a black body
'll. und o planet with exceedingly high opacity at UV frequencies, but
“iu upacity at all other frequencies. In this case an opacity average is not
e high opacity is at UV frequencies where there is virtually no planetary
W atilicinl example, a better representation would be simply zero opacity.
Lot In that in radiative transfer we are interested in how much flux is
Iy (or ullowed to pass through) the atmosphere at different frequencies
Lthing or emitting particles. Useful mean opacities are therefore those
Solphted by a function of the intensity. Because the intensity of a planet
© In unknown—and indeed the quantity we are trying to solve for—the
Iy Intensity is used.
Wik mean opacity is defined as
Jo° &(T, P,v)B(T,v)dv
Jy° B(T,v)dv
| ienn opacity is the opacity weighted by the black body intensity at a
W titure, Where the opacity is high, the contribution to the mean opacity
Wil The Planck mean opacity is valid in “optically thin” regimes (see
© 4 lur i definition of optically thin).
e lind mean opacity is defined as

o) i— Zaj(T, P — Z Znﬁ(T, P)oyi (T8 I/)
. s

7 i

Here j refers to different atomic and molecular species and i refery 0
atomic or molecular states (i.e., energy level populations). We note (I
we have previously used the location x to describe the absorption coel
an atmosphere (by a(x,)), for a general description we prefer (o e |
Flependencies. Recall that the temperature 7" and pressure P vary witli It
in an atmosphere; therefore for the extinction coefficient we can conml
T, P interchangeable. We could write an expression similar to equation
the scattering coefficient o, using number densities and scattering Crons
for solid particles or Rayleigh scattering. )

Considerable inputs go into the computation of the absorption and el
efficients. For example, to compute (T, P, v/) for a broad range of freq
water vapor, up to hundreds of millions of molecular lines must be conul

(5.11)

I-.'vl)(T, P, V) ==

to the numerous transitions possible among the many electronic, ot
vibrational states of the wat ’ ' J; > ey o dy
water vapor molecules. 1 o R@PP) T (5.12)
kr(T, P,v) i %’ldu

Clund mean opacity is a harmonic mean, weighted by the temperature
ul the black body intensity. The Rosseland mean is useful because it
2 Wpher weight to frequencies with a small opacity than to frequencies with
Sty - this captures the physical situation where more radiation travels
e ntmosphere at frequencies where opacity is smallest. This is in contrast
Sanek mean opacity. Typically the Planck mean opacity is valid in optically
Wi ol the atmosphere and the Rosseland mean opacity is valid in optically

ien (nee Section 5.3 for definitions of optically thin and thick). To fur-
deiatind the definition of the Rosseland mean opacity, we must wait until a
Sl ol adiative diffusion in Section 6.4.4.

5.2.5 Mass-Independent Opacity

Until now we have defined the opacity as the extinction coefficient in unifs
Many books and articles instead use the mass-independent opacity, defii

km(T,Pv) = Y M’

i

in units of m?/kg. Here j refers to a gas species j. p is the gas dcnully1
planetary atmospheres can be described by the ideal gas law. ’

The mass-independent opacity is useful because it is independent of the |
density of molecules in the atmosphere. To further explore the utility of (hi
ity, let us revisit the opacity definition equation [5.9]. The opacity 18 e
number density times the absorption (or scattering) cross section, The numl
sity itself depends heavily on pressure and temperature through the idenl
The simplicity of the mass-independent opucity, therefore, is that it vl
less with pressure and temperature than does the muss dependent opacity,

FICAL DEPTH

Wative finnsfer we are aiming to understand the interactions of photons (or a
ul photons) as they travel through a planetary atmosphere. From our view-
W atdghtforward to think of a distanee in meters or kilometers in a plane-
Shnsphere, A more natural distance seale for photon interactions is the optical
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depth scale. As we shall see in this chapter and the next, the optical deptl
ables a simplification of the radiative transfer equation and its solutions,
The optical depth 7 is a measure of transparency and describes how

tecover the mean free path more formally by starting with d/ = —xldz,

part of the planetary atmosphere is to radiation traveling through it, A (—Ili = — (I,Tz7 (5.19)
is completely transparent has an optical depth of zero. A planetary ati _ '
ally has some optical depth. In the optically thin case, 7 < 1; a photon (¢ pition
the distance s without being absorbed or scattered. The opposite 14 (i T =heiid/ ! (5.20)
thick case, 7 > 1. We will later see that 7 is the dimensionless e-foldi pubiblity that a photon is absorbed between z and z + dz is
absorption of hot radiation through a cooler gas layer. The optical depth 1 L ) 1
to the absorbing particles in a planetary atmosphere. Because the exiiis Rl (%)= sl W S ——cmrlid (521)
ficient depends on frequency and on location in the planet atmosphere, & To !
the optical depth. We therefore write the optical depth as 7(x, /). Sl finlly use the expectation value to show that the mean free path is [,
The definition of the optical depth along a one-dimensional path & Iy 20 e
(@hi= / ZdP(2) = / Ze 4z = 1. (5.22)
LdT(S, v) = —k(s, l/)ds.l J0 o
The optical depth is dimensionless.
The optical depth is often used as a distance scale in planetary atin ‘
plane-parallel atmospheres (see Section 5.6.2) the optical depth scale &
the convention of being measured backward along the ray of traveling ) AL THERMODYNAMIC EQUILIBRIUM
other words, the plane-parallel atmosphere optical depth scale has 7« (I ]
the top of the atmosphere, because the observer is looking down into the L Dofinition
atmosphere. This convention introduces a negative sign for the opticidl Sve atone of the most important fundamental concepts in radiative trans-

14 the concept of local thermodynamic equilibrium (LTE). Complete ther-
Wi cuuilibrium applies when the material is in thermal, chemical, and me-
Sutlibrium, On the contrary, across a planet atmosphere, we expect huge
Il (emperature and pressure, especially because of the open boundary
4 ol e atmosphere. LTE is valid in a local area of the atmosphere where
el pressure, or chemical gradients are small compared to the pho-
fiee path, LTE is therefore a local version of complete thermodynamic
i Muore specfically, in LTE, we assume that all of the conditions in ther-
Wil cquilibrium hold, except we let the radiation field depart from that of
Iy This is because one of the fundamental properties of planetary atmo-
10 tudintion field that is very different from the black body radiation. We

Zmax z=0
alev) = —/ k(2 v)dz' E/ k(' v)d2,

=0 max

For notational simplicity we use 7,, and take the z-dependence as implied

We can relate the optical depth to the mean free path of a photou, |
description we will drop the variable dependencies for clarity.) The
path is defined as the mean distance a photon can travel before it (4 i
interaction with a molecule or other atmospheric particle. Let us ol
with area A%, volume A%dz, and number density 7. The probability of
photon stopping in the slab can be calculated as the ratio of the net
molecules to the slab area,

noAZdz * the tndintive transfer equation to compute the intensity.
P(z) = Ao dz, i ETE s one of the most important fundamental concepts in radiative
where o is the cross section. But we have already described the drop {1 i 1t it provides a sweeping simplification of the radiative transfer prob-
Will, i fact, enable us both to understand radiative transfer and spectral

a beam of radiation, Ly ; ; ;
Sl coneeptually, and to simplify the numerical solutions to the equation

dl = —kldz = —noldz. Ve lnnnler,

We can now see a reasonable definition for the mean free path
E wnd Level Populations

! 1 1
ne K sl may be wondering: what is the magical simplification using LTE
and we can relate dien it help to solve the radiative transfer equation? Let us go back to
o l«l Aption coefficient o (equation [5.31) and the emission coefficient & (equa-

A Iecall that these coefficients are made up of n number density times an
















