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Free Electrons

g
As an introduction to opacities we review the expression for the absorpli

efficient « (equation [5.9] from Section 5.2.4), oo E.=0eV
2 A
3
T, P,v) =33 nj(T, PYosi(T, P,v). , 1] e sdey
i Balmer Series

The absorption coefficient is made up of contributions from each gas §|
In Chapter 4 we described chemical equilibrium, nonequilibrium, and phot
istry calculations that led to the number densities (in units of m~?) of |
molecules. For each kind of molecule j, there are contributions from n
with different energy states . More specifically, the term 7, refers to (h
density of molecules j in energy state i. The number density of moleculex
mined by chemical reactions at the ambient temperature and pressure ii il
atmosphere layer (Section 4.3) and by cloud processes (Section 4.4).

The focus of the first part of this chapter is on the energy levels and :
cross sections for transitions between energy levels. In the second patt, ¥
describe the emission coefficient, with a focus on scattering from condet! )

- Ground State E, =-13.6eV

Lyman Series

Figure 8.2 Hydrogen energy level diagram. See equation [8.3].

Aloms

W start with the Bohr model of the hydrogen atom as a way to recall some
hinics of atomic energy levels. The Bohr model for an isolated atom is
il 1 postively charged nucleus with electrons orbiting in successive orbits.
developed the basic picture that electrons in an atom have stationary states,
i1y levels, and that when an electron changes its energy level a photon is
Wil 0 absorbed. Bohr used the equation of motion of an electron, including
Jelie energy and Coulomb potential energy terms, to derive the total energy
al i ntomic system:

8.2 ENERGY LEVELS IN ATOMS AND MOLECULES

Atoms and molecules have many individual energy levels that are charie
the specific atom and molecule. From quantum mechanics, we know (hiul i
molecules have discrete energy states, unlike classical particles which ¢ |
energy. The difference between two energy levels corresponds to the Wil
of spectral features via the relation AE = hv, where h is Planck’s consti
is the amount of energy absorbed by or carried away from an atom or i

a photon. Ll Ll m_e4 __1._ L ____.RHhc (8.3)
For planetary atmospheres we are interested in the emergent Speciiil e ne !

t ientists use wavelength, frequency, or w. mber t 8¢ s : ;

Ay ol g 4 Y agenumber 0 GEEE 0 1,2,...00. Here m is the mass of the electron, e is the electron charge,

of spectral features, and not the energy of the atomic or molecular transif

3 R ¢ vlectric constant, and Ry is Rydberg’s constant. n is now known as
The wavenumber of electromagnetic radiation is defined as Jile olectric H yaras

| L ipnl quantum number. From equation [8.3], we can directly calculate the
| y levels of the hydrogen atom (see Figure 8.2) and calculate the wavenumber
jency of hydrogen energy transitions, that is, the wavenumber of hydrogen
il features. Bohr also postulated that the angular momentum L can take
Iy dincrete values:

SRl )
M= =

A CZEE

in units of m~! or more conventionally cm~!. Wavenumber is more
among spectroscopists than wavelength because energy levels are conve
portional to wavenumber (or frequency) but inconveniently inversely pr
to wavelength. Similarly, spectrometers are often calibrated in wWiavens
cause it is independent of the fundamental constants ¢ and /i, The wi
spectroscopy should not be confused with the angular or circular waven
to described waves in the wave equation, When describing a spectram,
frequency, and wavenumber are often used interchangeably. We will ¢
o denote wavenumber, or make it clenr whenever 1 refers to wavenuiby

i n£ (8.4)
27

it (eached his model and equations from experimental evidence and heuristic

Wil motivated by the desire to explain the hydrogen gas spectrum and fre-

e o proceed to atoms with more than one electron, quantum mechanical

e e needed, We will therefore review i few concepts from quantum me-

len. Although we will not solve any equations in this chapter, our aim is for a
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conceptual understanding of the pathway to determine the energy levels of il
and molecules.
Recall that for classical mechanics the Hamiltonian is used as a descnptlon ol
kinetic and potential energy, that is, the total energy, of a closed system. In qu
mechanics, the Hamiltonian is the operator associated with the kinetic and potel
energies of a system—in quantum mechanics each measurable parameter !
associated operator. The Hamiltonian operator is used to determine the ener
of a system. Operating on the wavefunction, in the time-independent cal
Hamiltonian operator generates the time-independent Schrodinger equation W
can be solved to find the energy eigenvalues (i.e., energy levels) of the systei

lypically involves a few eV (~ 10* cm~1) of energy. This transition energy corre-
sponds to photons in the UV or visible range of the electromagnetic spectrum.
Molecules, unlike atoms, have energy transitions other than electronic transi-
llons. These rotational and vibrational transitions lead to complex band systems.
Ihe molecule as a whole rotates about any spatial axis, giving rise to rotational
tinsitions. The individual atoms vibrate with respect to one another, causing vi-
lititional transitions. When vibrational motion occurs, rotational motion is always
iduced. The water vapor molecule, for example, has hundreds of millions of lines
liom combined rotational-vibrational transitions. The molecular spectral lines re-
ailting from transitions between energy levels blend together to form molecular
Hy; = Eiti, ‘ filnds. ; . b it

l'or rotational or vibrational radiative energy transitions, the molecule must cou-
ple with an electromagnetic field so that energy exchanges can take place. This
tuipling is generally provided by the electric dipole moment of the molecule. A
dipole moment in a molecule exists if the effective centers of the positive and neg-
ullve charges of the molecule have nonzero separation. Essentially, a molecule has

where 1) are eigenfunctions known as the stationary wavefunctions, the prob |
amplitudes for the particle to have a given position z at time ¢. F; are (
ergy eigenvalues, and ¢ refers to individual levels. H is the Hamiltonian o
associated with the kinetic and the potential energy and in one dimension i§

3 h2 52 A ilipole moment if it has a difference between the center of charge and the center

Hi= it e -+ V(z), ul mass. For example, HoO and O3 have permanent electric dipole moments due

; 1 (heir asymmetrical charge distributions. Linear molecules, such as No, Oz, and

where  is position. Here we have taken the kinetic  SHCIey /2m wh 1 1), are examples of molecules that have no permament dipole moment because of
momentum and m is mass. We have used ’/’ = = —¢ and considered wi el symmetrical charge distributions,. Lack of a permanent dipole moment theo-

tions of the form v (x, t) = Aeihzaady The 1D time-independent (nonreltiy iticnlly means the gas species has no rotational-vibrational transitions. Dipole mo-
Schrodinger equation is then . fenis can be temporarily induced. For example, asymmetric bending or stretching
sides of vibration induce a dipole moment (e.g., CO3). In addition, the weaker
—h? d?y(z) + V(z)h(z) = Brp(z). slectrie quadrupole or magnetic dipole moments may exist and cause vibrational
2 ' Hannitions.

10 et some perspective on energy levels in molecules we show a potential en-
vy dingram for molecular transitions in Figure 8.3. Two stable electronic states of
W ilintomic molecule are shown. Each electronic state has several vibrational states
Wl lower energy associated with it. Each vibrational state, in turn, has many even
lower energy rotational states associated with it.

Ih uantitatively describe molecular rotational and vibrational energy levels we
Ul udopt a conventional, pedagogical, yet mechanical model of the molecule. This
Silel ignores the detailed structure of the molecule in terms of nuclei and elec-
S, but enables us to get a handle on the origin and structure of molecular lines.

The energy levels of the hydrogen and other atoms can be derived '
Schrodinger’s equation by specifying V(z), that is, how the potential
changes with location. For the hydrogen atom, one can treat the potentiul ¢i
term as a classical Coulomb potential,

o2

Uil dreo 1’

where 7 is the radial distance of the electron from the force center and in
tion [8.7] 7 replaces x and m is the reduced mass of the system. For hy
and hydrogen-like ions, the energy levels can be computed analytically. Foi i
electron atoms, the potential is more complicated and computers are needed

out solutions to the Schrodinger equation. 4 | Molecular Rotational Transitions

Wg will begin with the pure rotational spectrum of a diatomic molecule. To gain a
Cuneeptunl understanding of the origins of the rotational energy levels, we take the
Cunventional approximation of a rotating diatomic molecule as a rigid rotor. In this
ietune the atoms are the two masses with a fixed separation and rotating about an
b that goes through the common center of mass (Higure 8.4,) We are assuming
Al the dintomie molecule can rotate about the common center of mass without
g the separation or telative positions of the canstituent atoms,

8.2.2 Molecules

Conceptually, a molecule can be visualized as number of atoms bound topet!
a balance of mutually attractive and repulsive forces. Molecules undergo elag
ransitions just as atoms do. In electronie transitions, the electron moves |
fower (o 0 higher energy level upon absorption of a photon, and the moleculs:
i photon s the electron drops to lower energy level, An electronie
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Fljiire 8.4 Schematic illustration of the rigid rotor. The rigid rotor is used as an approximate
model for a diatomic molecule.

Internuclear Separation

Figure 8.3 Schematic illustration of molecular electronic, vibrational, and rotationl ¢
levels. Note that near the potential energy minimum of an electronic ¢
state, the potential energy curve can be approximated by a parabola in (I e £2_ 8.11)
functional form as the simple harmonic oscillator potential. Adapted (1o | 2 i

i classical rotational kinetic energy from a rigid rotor is therefore

Wi may now associate the classical rotational energy term with the quantum

Our aim is to understand where the rotational energy levels of a i Qo4 Haniltohiaionkraion

molecule come from. We will use the time-independent Schrodinger i Hy 1 i (8.12)

framework presented in Section 8.2.1, and find the eigenvalues for the 1) m ﬂd) i
independent Schrodinger equation with the relevant kinetic and potentinl &
terms. In fact, a rigid rotor has no potential energy. We are literally making il L?) = 2IE ). (8.13)

sumption that the atoms in the diatomic molecule are completely fixed with
to each other. i
Classically, a rigid rotor with angular velocity w has moment of inertin' /.

Al wavelunction solutions 1) to this equation are actually the spherical harmonics
0 )). I we were to put the spherical harmonics into equation [8.13], then we
il find

i Y Al : :
I= zi:mm mar? + mars, LAYy m (0, ¢) = J(J + 1)R2Y, 1 (0, ¢) = 21E 0 (8.14)
where 71 and 75 are the distances of the atoms from the common center ol AL
The angular momentum of a clagsical rigid rotor is 2
E;=J(] 1);), (8.15)

"
1, 2 MWy,

! 4 Ul ratatonal quantum number /0, 1,2, 00 Often the rotational energy levels
Wiltten ny
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Center of Mass

l

with B defined as the rotational constant,

h2
B=—.
210 .
If we were to solve equation [8.14], we would find the degeneracy g, the nui

of states with the same energy but different quantum numbers, A
gj = 2J + 1. (

The rotational energy levels have spacing that increases with J. Interestil
the energy transitions are constant in wavenumber or frequency, meaning (i
tational lines are equally spaced in a wavenumber or frequency spectrum.
see this by considering that allowed rotational transitions have AJ = =1 for |
molecules (see Section 8.3.2). Then,

AE =E;—E;_1=2BJ.

We can use equation [8.15] to determine the order-of-magnitude energy Ol |
rotational spectra of diatomic molecules. Let us use the diatomic moleculg
as an example. To first order, the C and O atoms have similar atomic
my ~ mg =~ 12 amu, and the internuclear separation in diatomic molecul
about 7, ~ ro &~ 1 A. We find that E; ~ 1.4 x 10723 J. This correspuil
energies at microwave frequencies: a frequency of 2 X 100 s~1, a wavenu
0.7 cm—", or a wavelength of 0.014 m. A pure rotational spectrum can exist ut
very low energies—energies too low to excite vibrational modes of the moles

A complication to the rigid rotor approximation for linear diatomic ma
is that molecules are not completely rigid. The centrifugal force meany (h
atomic nuclei will respond to increasing rotational energy by moving further
The resulting increase in internuclear separation with increasing rotational ¢
number J decreases the rotational energy level separation. To account It
centrifugal elongation, an extra term must be added to the rotational encijy
equation. The centrifugal distortion is significant typically only for very
rotationally excited states. '

We developed the rigid rotor framework for linear diatomic molecules.
discussion is also valid for spherical tops (or any rigidly rotating dipole)
molecules that are asymmetric tops, an additional term is required. 3

In this section, we have not solved the Schrodinger equation, but rather &
a solution. To gain a deeper understanding, one could follow a general
taken in mathematical physics by formulating a guess at a solution based G
tions of similar equations. For a much more detailed derivation of moleculit &
levels, there are many textbooks [e.g., 3, 4] and reference books [e.g., 4] tﬂ
a few. We will now continue on to molecular vibrational energy levels, u
same classical analogy approach we took for the rotational energy levels,

< r
<

Y

s 8.5 Schematic illustration of molecular vibration for a linear diatomic molecule.

The simple harmonic oscillator is used as an approximate model for a diatomic
molecule.

ulen are also excited. Nevertheless, because the energy of the vibrational tran-
Wi s much larger than that of the rotational transition, the vibrational energy
olu nnd transitions can be considered independently of rotation to a good ap-
simation. The so-called rotational-vibrational spectrum is an array of rotational
, 4 prouped around a vibrational transition (Section 8.2.3).
1 develop a conceptual understanding of vibrational energy levels, we will fol-
the discussion for rotational energy levels, again using a classical mechanics
lupy limited to linear diatomic molecules. The classical analogy for diatomic
slecular vibration is that of a simple harmonic oscillator. With this analogy we
liniting our attention to vibration along the axis joining the nuclei (and, again,
iing rotational motion).
Fiom Higure 8.3, we can see that the potential energy of a stable electronic state
4 lunction of internuclear distance x can be approximated by a parabola. The
dhlin with the equilibrium point at the minimum of the potential energy means
4 un the atoms are displaced there is a restoring force pushing the atoms back
i equilibrium position. For a separation smaller than the equilibrium one, a
1 tepulsion develops. For separations greater than the equilibrium separation,
fice becomes attractive. This is why the nuclei of the two atoms are essentially
utained at a more or less well-defined equilibrium separation. The approximate
|||||u| villulvrgy curve can be described by the potential energy for a simple har-
e oncilintor,

8.2.2.2 Molecular Vibrational Transitions

Molecules vibrate when the atomus in o molecule are in periodic motion wi
gpect 1o the molecule’s center of miss (Higure B.5), Moleculnr vibrational
a1 ever oeeur on thelr owng aa the molecule vibrates, the lower-energy i€

, L o
V(@) = =Ca’, (8.20)


































