UNIVERSITY OF KANSAS
Department of Physics
ASTR 794 — Prof. Crossfield — Spring 2025

Problem Set 4: Atmospheres
Due: Thursday, April 10, 2025, in class
This problem set is worth 70 points.

1. Gray, Plane-Parallel, Eddington-Approximation Atmosphere [20 pts]

Show that in a plane-parallel, gray atmosphere under the Eddington Approximation:

(@) S =(I),
(b) Praq = % (7 + Q) (where @ is a constant of integration),
) = % (T+ %) and
@) T(r) = Tor (3 + 1)'/".
2. Limb darkening [20 pts].

In this problem you will derive a relation between the measured limb darkening of a star, and the source function
of its photosphere. Let the intensity of the stellar disk be I,,(r), where r is the distance from the center of the
stellar disk in units of the stellar radius (i.e. » = 0 at the center, and = 1 at the limb).

(a) Instead of r it is traditional to express I,, as a function of u = /1 — r2. Show that = cos 6, where 6 is
the angle between the line of sight and the normal to the stellar surface.
Solution: Refer to Fig.[I]for the geometry of the problem. The two rays toward Earth are parallel. Take
the normal to the star’s surface at some reduced radius r and continue it through to the center of the circle.
This line intersects the two parallel rays, which is why the two angles labeled 6 in the figure are the same
angle.

Construct the right triangle shown in the figure. The hypotenuse is 1 and the height is r. Therefore the base
is v/1 — r2, from the Pythagorean theorem. From the definition of the cosine, | cosf = /1 — 72 = p |.

(b) We want an expression for the intensity at the stellar surface in terms of the source function. Start from the
the radiative transfer equation for a plane-parallel atmosphere. Show that for an upward-propagating ray
coming from far below to the top surface, the formal solution is

I,(p) = /OO dr, M6’7”/“, (D
0 1%
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Figure 1: The geometry of Prob. 2]
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where 7, is the vertical optical depth.
Solution: Let us take this opportunity to remind ourselves of the distinction between optical depth and

vertical optical depth. Start with the form of the radiative transfer equation in terms of optical depth,
al,
dr,

SV*ID;

where S, = j,/a,, is the source function, and 7, is the actual optical depth. Define the new variable
d¢, = —dz = —dr, cos @ which is the vertical component along the ray, and the sign is chosen so that
the “vertical optical depth” starts at O at the top (larger 2) and increases as one goes down (smaller z). In
terms of &, the RTE becomes

dI, dI,
I, -85, = 00— = .
g, T e,
Multiply by the integrating factor e~¢+/#. Collect all the terms which have T,,,
dI d
751//:“’5’ — =&/ I, — vy ( 751//,“‘[ ) .
€ v ==¢€ ( v 'ud&,) Mdf,, € v

Divide through by 1 and now the right hand side is a total derivative. Integrate over d¢, from O to co,

= Sy < d
/ déh,,e_fV//ti = _/ d¢, — (e—ﬁu/ﬂjy) — _e—&,/u[’j
0 K 0 dfu

By an unfortunate convention, the symbol 7, is used instead of &,,, but please be aware that the meaning is
the vertical optical depth.

&y=00

§u=0

Suppose the (unknown) source function can be represented by a polynomial,
S, (1)) = ag + a17, + asTZ 4 - + a, 1" 2)
Show that under this assumption the emergent intensity is given by
I(p) = ag + arpn + 2a0p® + - - + (n))anu™, 3)

using the definite integral fooo a™ exp(—x)dz = n!l. In this way the measured limb-darkening law can be
used to determine the source function, and therefore the temperature stratification for an LTE atmosphere.

Solution: Substitute Eq. (Z) into Eq. (I) and change variables to « = 7,, /. This gives

I(n) = /OOO dx Zai(;pﬂ)ie*r.
i=0

Each term in the sum may be integrated using the given definite integral, giving Eq. (3).

Show that for a gray LTE atmosphere, the predicted limb darkening law for the wavelength-integrated

intensity at the stellar surface is

0 2 3
W—g—l—gCOSQ.

Solution: For a gray atmosphere (7, = 7), and in a plane parallel atmosphere with no energy generation
(dF/dz = 0, flux is conserved from layer to layer), we found in class that

S=(I),

where (f) = % I _11 fdp is an angular average. This yields the integro-differential equation

1 [t dI
— | Idu=1-pu—.



We simply state the solution,

3F 3F 2
S—47r[7'+q(r)]~47r<7'+3> .

This satisfies the assumption of Prob. , with a1 = %, apg = %al, and all other a,,’s vanishing. Putting
this into the result from Prob. find I(u) = ag + a1, where p = cos 0. Evaluating the ratio gives

I(0) ao+ajcost ai(2/3+cosh) 2

3
_ _ — 242 cos.
1(0) o + a1 w2341 515




3. Radiative transfer in spherical coordinates [20 pts].

After the past month’s classes you should be familiar with the radiative diffusion equation for a plane-parallel
atmosphere, an appropriate model for a thin photosphere. In this problem you will repeat those steps for a
spherical atmosphere, as appropriate for the bulk of a star. We will assume the star is spherically symmetric and
that consequently I, = I,,(r, ), where r is the radial coordinate and 6 is the angle of a ray relative to the local
radius vector (and not the polar angle referring to the position with respect to the stellar center). See Fig.[2]

(a) Use the chain rule,
al,  90I,dr 0I,df

= = — 4 —— 4
ds or ds+ 00 ds’ @)
to show that the radiative transfer equation (RTE) can be written
oI, sinf 0I, .
cosf _ ~+ pry 1, — j, = 0. (®)]

or r 00

In this expression, r,, is the opacity, measured in units of cm? g=!; and j, is the emission coefficient,

measured in units of erg cm ™2 s~! sr~! Hz ™! [both as defined by Rybicki & Lightman (p. 9-10)].
Solution: Consider a photon traveling a distance ds along a ray at an angle 6 from the local radius vector
(See Figure . Then, the radial distance the photon has traveled is dr = ds cos 6, while the incremental

difference in angle between the ray and the local radial vector is df = —w Thus, we find
d
d—z = cosf
ag sin 0
ds r

Substitution into the equation of radiative transfer,

a, _oldr ol
ds _ Ords ' 00ds = PvivTIw

with the chain rule, yields the desired result.

Figure 2: Geometry relevant to Prob. [3| A photon propagates a distance ds along a direction 6 from the local radius
vector. As a result its radial coordinate increases by dr and the angle to the local radius vector decreases by df.



(b) Integrate the RTE over all solid angles to show

dF,
dr

2
+ —-F, + cpru, — pe, =0,
r

where €, is the (angle-averaged) emissivity as defined on p. 9 of Rybicki & Lightman.

Solution:

o
I

or r 00

Q/COSe)Iudgf E/SinﬂaIVdQernl,/IudQf/jde
or r 00

oF, 2 . oI, .
_ sin? 0—2d6 + PEyCUy, — 4T],

' I, sinf 0I, .
/{cos@a 7&8 +pnylyjy]dﬂ

or r 00

OF, 27 {sin2 01, |p—o — /2 cos f sin GIVdG] + pryCuy, — pey
or r

OF,

177
+ — {/ 2 cos GL,dQ} + prycu, — pey,
or r

oF, 2
+ —F, + prycu, — pey
or r

(c) Multiply the RTE by cos 6 and integrate over all solid angles to show

dp,
Pv s ok Fy =0,
dr

Cc

(6)

(7

where you have assumed j, to be isotropic, and I, to be nearly isotropic. Here, p,, is the specific radiation

pressure given by

Solution:

1
= E/chos29d(2.

0 = /cos@ {cos@ 0L, _sin6 ol, + pk, I, —jy} dQ

= i/cos2 01,d) —
dr

dpy
¢ dr
dpy
¢ dr
dpy
¢ dr
dpy
¢ dr
dpy
dr
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or r 00

E/COSGSinﬂ%dQ—i—pﬁy/cos@L,dQ—/costl,dQ
r
— 21 sin? 6 cos O%dﬁ + pr,Fy, — 0
r 00
2
_r [Sin2 OcosOl, |j_y — /sin9 (3 cos? 0 — 1) L,d@} + pr, F,
,
1
+ - [/ I, (3(:0529 — 1) dQ} + pr, F,
r

1
+ = [Bepy — cuy| + prLF,
r

+ pr,F,

Where in the last line we have noted that p, = %uu since [, is nearly isotropic.

®)

(d) Use the preceding equation, as well as the blackbody formula for radiation pressure, the relation F' =
L/47r? and the definition of the Rosseland mean opacity g to show

d7T - 3pHRL
dr — 64mor2T3’

€))



Solution: The radiation pressure of a blackbody is given by

_ul,_47rB,,
bv =" =3

Substituting in our result from part b) we find:

dr
dr

4. Corona time [10 pts].

dpy
DFV
dr tpn

47 dB,,
3k, dr

/[477 1 dBudT_i_pr} dv

C

+ pF,

'3 Ky, dT dr
4rdT [ 1 dB,
3 dr | k, dT
ArdT 1 d
3 dr kg dl
47 dT d <0T4> pL

dv + p/Fde
B,dv + pF

3kp dr dT
16073 dT  pL
3kr dr = Awr?
3p/~€RL
 64mor2T3’

T 472

The solar corona may have a base electron density of 103 cm=2 at T = 2 x 10% K. Assume that the corona
has an inner radius equal to that of the Sun, the corona is isothermal and that it obeys the equation of hydro-
static equilibrium. Compute the X-ray free-free emission from this model corona and compare with the total

luminosity of the Sun



